
Strong Lensing: Some Cosmological Applications
• Strong Lensing Provides a Measure of Angle vs. Redshift

– That is, the Angular Size Redshift Relation

• Recall That For an Isothermal Mass Distribution:
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So if we could measure the velocity dispersion of the lensing galaxy over some spectrograph 
aperture (𝒓𝒂𝒑), we could compute the dynamical mass:

𝑴 𝒅𝒚𝒏 =
𝝈𝟐𝒓𝒂𝒑
𝑮

and compute the corresponding projected mass density within the Einstein radius using a 
model for extrapolation. If 𝝆 𝒓 ~𝒓𝜸:
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where 𝒇(𝜸) is a correction for anisotropy (1 for an isothermal). In this case:
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(c.f. Link & Pierce 1998; ; Treu 2010; Biesiada 2011)
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Strong Lensing and Cosmology - I

• Thus Cosmological Constraints Can Be 
Extracted from Strongly Lensed Systems
– Problems Arise Due to:

• the small size of spectrograph apertures requiring 
significant extrapolations to the Einstein radius 
(uncertainty in the power law index)

• the uncertainties due to the degree of velocity 
anisotropy

• In the Case of Two or More Sources with a 
Single Lensing Mass the Ratio of the qE
Depends Only on Cosmology and not the 
Mass Distribution for an Isothermal. With 
Three Sources One Can Also Solve for the 
Power Law Index (Link & Pierce 1998)
– Technique Eliminates Need to Measure Velocity

Dispersions, only Need Source Redshifts

– Galaxy-Galaxy Lensing is Rare, but a Few
Double Lensed Sources are Known

– Method Works Best for Clusters of 
Galaxies

– Complications Arise From Dark Matter
Sub-structure and From Cluster Members
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Fig. 3.— The simulated image used in this study. The inset shows a source extracted from
the Hubble Deep Field and used to construct the simulated data. The source was scaled and

resampled to produce sources at each redshift in the simulated system.

Simulated gravitational arcs at different redshift. 
Inset shows HDF galaxy used.



Strong Lensing and Cosmology - II

• When Applied to Real Clusters the Complications Rise Dramatically
– Clusters Have Lots of Substructure
– Cluster Members Themselves Produce Lensing 

• Assume a Constant Mass/Light Ratio?

– Cluster Dark Matter Could be Clumpy
• Clusters Have Lots of Arcs So More Information
• Reconstruct Dark Matter Distribution with Maximum Likelihood?
• Method Applied by Jullo et al. 2010 (similar results to BAO or SN Ia at the time)

3

mardi 23 mars 2010

Fig. 2. Color image of two cluster lenses observed by HST-ACS: Left panel - Abell
2218 at z = 0.175 and Right panel - Cl0024+1654 at z = 0.395.

parameters ⌦m and ⌦⇤ (Link and Pierce 1998; Golse et al. 2004; Gilmore &
Natarajan 2009; Jullo et al. 2010; D’Aloisio & Natarajan 2011). First obser-
vational constraints were attempted by Soucail et al. (2004), and more recent
work by Jullo et al. (2010) has demonstrated the feasibility of this technique
involving detailed modeling of deep ACS images coupled with comprehensive
redshift determinations for the numerous multiple-image systems. Combining
these cosmological constraints from the cluster lens Abell 1689 with those ob-
tained from independent X-ray measurements and a flat Universe prior from
WMAP, Jullo et al. (2010) find results that are competitive with the other
more established methods like SuperNovae (Riess et al. 1998; Perlmutter et al.
1999) and Baryonic Acoustic Oscillations (Eisenstein et al. 2005). Therefore,
in the very near future cluster strong lensing is likely to provide us with a vi-
able complementary technique to constrain the geometry of the Universe and
probe the equation of state of Dark Energy, which is a key unsolved problem
in cosmology today.

This brief and non-exhaustive historical account of cluster lensing research
summarizes some of the important scientific results gathered up to now and
demonstrates the growing importance of cluster lensing in modern cosmol-
ogy. This review is organized as follows: we first describe the key features of
gravitational lensing in clusters of galaxies, starting with strong lensing, and
then summarize the various weak lensing techniques as well as some recent
developments in the intermediate lensing regime. We also dedicate a section
to the lensing e↵ect and measurements of galaxy halos in clusters which has
provided new insights into the granularity of the dark matter distribution. The
potency here arises from the ability to directly compare lensing inferred prop-
erties for substructure directly with results from high-resolution cosmological
N-body simulations. We then present the di↵erent uses of cluster lenses in
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HST-ACS images of two clusters with gravitational arcs. Left: 
Abell 2218, Right: CL 0024+1654 



Strong Lensing and Cosmology - III
• Given the Uncertainties in the Method & Success of SN Ia + BAO More 

Interest of Late in Using Clusters as Telescopes
• Modeling of System Allows the Magnification Over the FOV to Be Estimated 

and the Critical Curves Traced
– Magnifications Can Approach 50x Enabling the Discovery of High Redshift Galaxies
– Location of Critical Curves Used to Search for High-z Galaxies (e.g. Kneib et al. 2004)
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HST-ACS image of MACS0451.9+0006. The critical curve shown in red.Fig. 8. HST/ACS color image of MACSJ0451+00. The red curve shows the location

of the critical line for a source at z = 2. A giant arc at z = 2.01, as well as di↵erent
sets of multiple images are identified (each system of images is marked with a
circle of the same color - the cyan and magenta identified multiple-image have no
spectroscopic redshift measurement yet) [Richard et al. private communication].

Fig. 9. Multi-scale marching square field splitting to map critical lines: the boxes
represent the splitting squares and the red lines chart the critical curve contour.
The imposed upper and lower limits for the box sizes are 10” (corresponding to
the largest box shown) and 1” respectively. The 1” boxes are not plotted here for
clarity. Figure adapted from Jullo et al. (2007) where more details may be found.
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Abell 2218. Lyman-break galaxy at z ~ 6.8 is circled.Fig. 38. HST ACS color V, I, z view of Abell 2218 showing the triply-imaged Ly-
man-break galaxy at z ⇠ 6.8 (Kneib et al. 2004).

at z = 2.72, the galaxy cB58 in the cluster MS1512+36. Interestingly, they
assumed that this object although being very close to the cluster center was
unlikely to be lensed. But soon after, Seitz et al. (1998) demonstrated that
cB58 was highly lensed, magnified by more than a factor of 50, thanks to the
identification of its counter image. The estimate of such a high magnification
led to a number of follow-up studies at high spectral resolution to further
constrain the physical properties of this high-redshift galaxy (e.g. Pettini et
al. 2002). At about the same time, the triple arc at z = 2.515 in Abell 2218
(Ebbels et al. 1996) was the first recognized Lyman Break galaxy lensed by
a massive cluster, however its magnification is only ⇠ 15⇥, much less than
that of cB58. Shortly afterward in the course of a spectroscopic cluster galaxy
survey of MS1358+62, Franx et al. (1997) discovered a Lyman-break galaxy
at z = 4.92 multiply imaged by the cluster. Further study and modeling by
Swinbank et al. (2010) derived a magnification factor for the brightest image of
12.5± 2. At the time of discovery the arc in MS1358+62 was the most distant
galaxy known. In the massive cluster Abell 2390, Frye & Broadhurst (1998)
and Pelló et al. (1999) independently found a z = 4.04 pair, strongly lensed by
the cluster. These high-redshift discoveries have demonstrated the potential
of discovering even higher redshift galaxies lensed by massive clusters. Thanks
to deep F850LP/ACS data, following-up the z = 5.56 Lyman-↵ galaxy pair
of Ellis et al. (2001), Kneib et al. (2004) found an i-band dropout detected in
z-band (see Figure 38). Detection with NICMOS confirmed a z ⇠ 6.8 redshift,
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Strong Lensing and Cosmology - IV
• Magnification via Strong Lensing Appears 

Just Sufficient to Measure Cosmological 
Parallax (e.g. McGough & Pierce 2020)
– CMB Dipole Provides Absolute Reference of Our Motion

Through Space
– Our Line-of-Sight Changes so the Impact Parameter (b) of a

Lensed Source Changes Over Time

• Parallax Distance is a New Measure of
Cosmology:

Luminosity Distance (SN Ia): 𝐷0= 1 + 𝑧 𝐷1
Angular-size Distance (BAO): 𝐷2 = 1 + 𝑧 !3𝐷1
Parallax Distance: 𝐷4 = 𝐷1

where 𝐷1 is the transverse co − moving distance.
– Signal is Purely Geometrical
– Gravitational Lensing Magnifies the Effect
– Signal Accumulates Over Time

• Not Currently Measurable with GAIA or 
VLBI

• Next Generation of ELTs with Adaptive
Optics
– Will Provide 4 µ arcsec Astrometry
– Sufficient for Cosmological Parallaxes

• Might Become Measurable with Upgraded 
Gravity 5



Strong Lensing and Cosmology – IV cont.
• Our Simulations Gravitationally Lensed Quasars Show That Measurement is Feasbible

– A Sample of ~ 300 Systems Would Enable Cosmological Constraints ~ 5X Better Than SN Ia and/or BAO

6



References

• Link, R. & Pierce, M. J. 1998, ApJ 502, 63
• Biesiada, M. 2011, Advances in Modern Cosmology, pp 117-136, ed. A. Ghribi, (Shanghai: 

InTech China)
• Jullo, E. et al. 2010, Science 329, 924
• Treu, T. 2010, ARAA 48, 87
• Kneib, J.-P. & Natarajan, P. 2012, AAR, 19, 47
• Richards,

7


