
Weak Gravitational Lensing
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• Foreground Masses Can Magnify and Distort Background Sources
• Faint, High-z Galaxies Provide a “Cosmic Wallpaper” Upon Which the Lensing Mass is Projected

– At even modest redshifts there are ~ 50 galaxies/arcmin2. The deepest surveys with HST reveal ~ 100/arcmin2.

• Source Sizes Are Unknown but We can Compute an Average Shape for Un-lensed Field Samples and
Assume Random Orientations

• For Simplicity Let’s Assume Average Shape is Circular with Radius q. For a Weakly Lensed 
Background Source:

𝜽! =
𝜽

𝟏 − 𝜿 − 𝜸
, 𝜽∥ =

𝜽
𝟏 − 𝜿 + 𝜸

Where ⊥ 𝒐𝒓 ∥ is relative to the vector between the lensing mass and the background source. We define the 
ellipticity as:

𝜺 =
𝒂 − 𝒃
𝒂 + 𝒃

=
𝟐𝜸

𝟐(𝟏 − 𝜿)
=

𝜸
𝟏 − 𝜿

≈ 𝜸

So the “excess ellipticity” of a background source is a measure of the shear. Now consider a source with an 
ellipticity (magnitude and position angle):

𝝐𝟏 = 𝝐𝒄𝒐𝒔 𝟐𝝓, 𝝐𝟐 = 𝝐𝒔𝒊𝒏 𝟐𝝓
If the intrinsic source ellipticity is 𝝐𝒊𝒔 then:

𝝐𝒊 = 𝝐𝒊𝒔 + 𝜸𝒊 = 𝝐𝒔 𝒄𝒐𝒔 𝟐𝝓
𝒔𝒊𝒏 𝟐𝝓 +

𝜸𝟏
𝜸𝟐

But after averaging in annular bins over many sources the first term disappears such that:
⟨𝝐⟩𝜽= 𝜸 𝜽

So if we have a measure of the shear field [g(q)], how do we turn this into a mass distribution for the cluster?



Cluster Masses from Weak Lensing
• Answer Lies with Fourier Transforms (Kaiser & Squires 1993)

𝜿 =
𝟏
𝟐
𝝍𝟏𝟏 +𝝍𝟐𝟐 ⇒ (𝜿 = −

𝟏
𝟐
𝒌𝟏𝟐 + 𝒌𝟐𝟐 +𝝍

𝜸𝟏 =
𝟏
𝟐 𝝍𝟏𝟏 −𝝍𝟐𝟐 ⇒ -𝜸𝟏 = − 𝟏

𝟐 𝒌𝟏𝟐 − 𝒌𝟐𝟐 +𝝍
𝜸𝟐 = 𝝍𝟏𝟐 ⇒ -𝜸𝟐 = −𝒌𝟏𝒌𝟐+𝝍

Where k is a wave vector conjugate to the angular position vector q. We can now eliminate y. 
Noting that:

𝒌#𝟐 𝒌𝟏 − 𝒌𝟐
𝟐𝒌𝟏𝒌𝟐

𝒌#𝟐 𝒌𝟏𝟐 − 𝒌𝟐𝟐 𝟐𝒌𝟏𝒌𝟐 = 𝟏, and that

-𝜸𝟏
-𝜸𝟐

= 𝒌#𝟐 𝒌𝟏𝟐 − 𝒌𝟐𝟐
𝟐𝒌𝟏𝒌𝟐

(𝜿, then we find that:

(𝜿 = 𝒌#𝟐 𝒌𝟏𝟐 − 𝒌𝟐𝟐 𝟐𝒌𝟏𝒌𝟐
-𝜸𝟏
-𝜸𝟐

= 𝒌#𝟐 𝒌𝟏𝟐 − 𝒌𝟐𝟐 𝜸𝟏 + 𝟐𝒌𝟏𝒌𝟐-𝜸𝟐

But the convolution theorem: 𝒇 /∗ 𝒈 = 2𝒇(𝒈 means that the convergence:

𝜿(𝜽) =
𝟏
𝝅
7𝒅𝟐 𝜽$ 𝑫𝟏 𝜽 − 𝜽$ 𝜸𝟏 + 𝑫𝟐 𝜽 − 𝜽$ 𝜸𝟐

With 𝑫𝟏(𝜽) =
𝜽𝟐
𝟐#𝜽𝟏

𝟐

𝜽𝟒 and 𝑫𝟐(𝜽) =
𝟐𝜽𝟏𝜽𝟐
𝜽𝟒 .  But it’s not as easy as it looks. There are complications.
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Cluster Masses from Weak Lensing - II
• First, ellipticities actually measure the reduced shear:

𝒈 =
𝜸

𝟏 − 𝜿
• This is overcome by writing 𝜸 = 𝒈(𝟏 − 𝜿) and making use of the convolution theorem:

𝜿(𝜽) =
𝟏
𝝅
>𝒅𝟐 𝜽) 𝑫𝟏 𝜽 − 𝜽) 𝒈𝟏(𝟏 − 𝜿) + 𝑫𝟐 𝜽 − 𝜽) 𝒈𝟐(𝟏 − 𝜿)

Note that we need to be careful to ensure that our imaging field of view is large enough such that 𝜿 → 𝟎
at large q in order to perform the transform.
• Second, there is the problem of mass sheet degeneracy. Since the Jacobian can be multiplied with a 

factor l: 𝑨 → 𝝀𝑨 ≡ 𝑨), 𝐰ithout reflecting changes in ellipticity. That is, a transformation like:
𝟏 − 𝜿) = 𝝀 𝟏 − 𝜿 → 𝜿) = 𝟏 − 𝝀 + 𝝀𝜿 cannot be detected. Maximum likelihood techniques can be 
applied. Namely we seek the potential that minimizes 𝝌𝟐:

𝝌𝟐 = H
𝒑𝒊𝒙𝒆𝒍𝒔

𝜸𝟏 − 𝜸𝟏(𝝍) 𝟐 + 𝜸𝟐 − 𝜸𝟐(𝝍) 𝟐

𝟐𝝈𝜸𝟐

Where s is the uncertainty in g. We can avoid the mass sheet degeneracy by making use of calibration 
fields to determine the intrinsic size distribution of the source population and thus to enable k to be 
constrained. That is, since:

𝑹 ≡ 𝟏
𝝁
= 𝟏 − 𝜿 𝟐 − 𝜸𝟐 ≈ 𝟏 − 𝟐𝜿 and incorporating this into our minimization. For example:

𝝌𝟐 = H
𝒑𝒊𝒙𝒆𝒍𝒔

𝜸𝟏 − 𝜸𝟏(𝝍) 𝟐 + 𝜸𝟐 − 𝜸𝟐(𝝍) 𝟐

𝟐𝝈𝜸𝟐
+
𝑹 − 𝑹(𝝍) 𝟐

𝟐𝝈𝑹𝟐
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Example of Weak Lensing Mass Density Maps
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FIG. 25.—HST image of the cluster Cl 0024, overlaid on the left with the shear field obtained from an observation of arclets with the Canada-
France Hawaii Telescope (Y. Mellier & B. Fort), and on the right with the reconstructed surface-mass density determined from the shear field (C.
Seitz et al.). The reconstruction was done with a non-linear, finite-field algorithm.

there is a scaling uncertainty in this quantity. For a lens with
given surfacemass density, the distortion increases with increas-
ing source redshift. If the sources are at much higher redshifts
than the cluster, the influence of the source redshift becomes
weak. Therefore, this uncertainty is less serious for low redshift
clusters.
Nearly all the problemsmentioned above have been addressed

and solved. The solutions are discussed in the following subsec-
tions.

4.2.3. Eliminating the Mass Sheet Degeneracy by Measuring
the Convergence

By eq. (60),

µ
1

1 κ 2 γ2
(93)

and so the magnification scales with λ as µ∝λ 2. Therefore, the
mass-sheet degeneracy can be broken by measuring the magnifi-
cation µ of the images in addition to the shear (Broadhurst et al.
1995). Twomethods have been proposed to measure µ. The first
relies on comparing the galaxy counts in the cluster field with
those in an unlensed “empty” field (Broadhurst et al. 1995). The
observed counts of galaxies brighter than some limiting magni-
tude m are related to the intrinsic counts through

N m N0 m µ2 5s 1 (94)

where s is the logarithmic slope of the intrinsic number count
function,

s
d logN m

dm
(95)

In blue light, s 0 4, and thusN m N m independent of the
magnification, but in red light s 0 15, and the magnification
leads to a dilution of galaxies behind clusters. The reduction of

red galaxy counts behind the cluster A 1689 has been detected
by Broadhurst (1995).
The other method is to compare the sizes of galaxies in the

cluster field to those of similar galaxies in empty fields. Since
lensing conserves surface brightness, it is most convenient to
match galaxies with equal surface brightness while making this
comparison (Bartelmann & Narayan 1995a). The magnification
is then simply the ratio between the sizes of lensed and unlensed
galaxies. Labeling galaxies by their surface brightness has the
further advantage that the surface brightness is a steep function
of galaxy redshift, which allows the user to probe the change of
lens efficiency with source redshift (see below).

4.2.4. Determining Source Redshifts

For a given cluster, the strength of distortion and magnification
due to lensing increases with increasing source redshift zs. The
mean redshift z̄s of sources as a function of apparentmagnitudem
can thus be inferred by studying the mean strength of the lensing
signal vs. m (Kaiser 1995; Kneib et al. 1996).
The surface brightness S probably provides a better label for

galaxies than the apparent magnitude because it depends steeply
on redshift and is unchanged by lensing. Bartelmann & Narayan
(1995a) have developed an algorithm,which they named the lens
parallaxmethod, to reconstruct the clustermass distributions and
to infer simultaneously z̄s as a function of the surface brightness.
In simulations, data from 10 cluster fields and an equal number
of empty comparison fields were sufficient to determine the clus-
ter masses to 5% and the galaxy redshifts to 10% accu-
racy. The inclusion of galaxy sizes in the iterative lens-parallax
algorithm breaks the mass-sheet degeneracy, thereby removing
the ambiguities in shear-based cluster reconstruction techniques
arising from the transformation (92) and from the unknown red-
shift distribution of the sources.
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Left: Weak lensing shear field measured at CFHT for the cluster CL0024 overlayed on
the HST image of the central region (Mellier, Fort & Kneib 1993). Right: The 
reconstructed projected mass density (Seitz et al. 1996)
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